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Abstract

The goal of the paper is to study the optimal design problem for nonlinear diffraction gratings. The problem arises in
the study of surface enhanced nonlinear optical effects of second harmonic generation. In order to apply certain gra-
dient based optimization methods, an explicit formula for the partial derivatives of the Rayleigh coefficients with re-
spect to the parameters of the grating profile is derived. Using the formula, numerical results are presented on an
optimal design problem of nonlinear binary gratings.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Consider a plane wave of frequency w; incident on a grating or periodic structure ruled on some
nonlinear optical material. Because of the presence of the nonlinear material, the nonlinear optical inter-
action gives rise to diffracted waves at frequencies w; and w, = 2w,. This process represents the simplest
situation in nonlinear optics — second harmonic generation (SHG). An exciting application of SHG is to
obtain coherent radiation at a wavelength shorter than that of the available lasers. Unfortunately, it is well
known that nonlinear optical effects from SHG are generally so weak that their observation requires ex-
tremely high intensity of laser beams. Effective enhancement of nonlinear optical effects presents one of the
most challenging tasks in nonlinear optics.

The present paper is concerned with important aspects for systematically design of surface (grating)
enhanced nonlinear optical effects. Recently, in a sequence of papers [14-16], a PDE model based on
Maxwell’s equations has been introduced to model nonlinear SHG in periodic structures. In particular, it
has been announced in [15] and [16] that SHG can be greatly enhanced by using diffraction gratings or
periodic structures and the PDE model can predict the field propagation accurately.
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Our goal is to provide the mathematical foundation of optimization methods for solving the optimal
design problem of nonlinear periodic gratings. By conducting a perturbation analysis of the grating
problems that arise from smooth variations of the interfaces, we derive explicit formulas for the partial
derivatives of the reflection and transmission coefficients. Such derivatives allow us to compute the gra-
dients for a general class of functionals involving the Rayleigh coefficients.

Optimal design of periodic grating has recently received much attention [1,2,4,10,12]. For linear grating
structures, significant results have been obtained by Dobson [9] (weak convergence), Bao and Bonnetier
[2] (homogenization), and Eschner and Schmidt [10,12] (optimization). To our best knowledge, the
present work is the first attempt to solve the optimal design problem of nonlinear gratings. Little is
known concerning the questions of existence and uniqueness for nonlinear Maxwell’s equations in pe-
riodic structures. In two simple cases, where Maxwell’s equations can be reduced to a system of nonlinear
Helmholtz equations, existence and uniqueness results have been obtained recently in Bao and Dobson [4]
and [5]. Computational results have also been obtained by using a combination of the method of finite
elements and the fixed point iteration algorithm. More recently, a more general model has been studied
by Bao and Chen [3]. Their model supports a general class of nonlinear optical materials with cubic
symmetry structures. Our present work is devoted to study the optimal design problem for this model
problem.

A good background on the linear theory of diffractive optics in grating structures may be found in Petit
[13] and Bao et al. [6]. For the underlying physics of nonlinear optics, we refer the reader to the classic
books of Bloembergen [8] and Shen [17].

The outline of this paper is as follows. In Section 2, we present the nonlinear scattering problem. In
Section 3, the perturbed diffraction problem with respect to smooth variations of the interfaces is studied
and a gradient formula is derived. Numerical examples are given in Section 4.

2. Modeling of the scattering problem
Throughout, the media are assumed to be nonmagnetic with constant magnetic permeability. For
convenience, the magnetic permeability constant is assumed to be equal to unity everywhere. Assume also

that no external charge or current is present.
The time harmonic Maxwell equations that govern SHG then take the form:

PxE="2H, V- H=0, (2.1)
C

FxH=-2D, V.D=0, (2.2)
C

along with the constitutive equation
D = ¢E + 4ny? (x, ) : EE, (2.3)

where E is electric field, H is magnetic field, D is electric displacement, e is dielectric coefficient, ¢ is speed of
the light, w is angular frequency, and y® is the second order nonlinear susceptibility tensor of third rank,
ie., @ : EE is a vector whose jth component is Ziz:ﬂﬁ?EkEh j=1,23.

Remark 2.1. The medium is said to be linear if D = €E or %(? vanishes. In principle, essentially all optical
media are nonlinear, i.e., D is a nonlinear function of E.
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The physics of SHG may be described as follows: when a plane wave at frequency w = w; is incident on a
nonlinear medium, because of the interaction of the incident wave and nonlinear medium, diffracted waves at
frequencies @ = w; and w = 2w, are generated. The fact that new frequency components are present is the
most striking difference between nonlinear and linear optics. However, for most media, nonlinear optical
effects are so weak that they may reasonably be ignored. In particular, the conversion of energy into the new
frequency component is very small. The observation of nonlinear phenomena in the optical region normally
can only be made by using high intensity beams, say by application of a high intensity laser.

Assume that the depletion of energy from the pump waves (at frequency w = w;) may be neglected,
which is the well-known undepleted pump approximation in the literature, see [15] and [16]. Under the
approximation, Eq. (2.3) at frequencies w = w; and w = w, = 2wy, respectively, may be written as

D(wil) = E(X,(,UI)E(X, wl)’ (24)

D(x, ;) = e(x, ) E(x, 07) + 413 (x, 07) : E(x, 01)E(x, ;). (2.5)

We then reduce the nonlinear coupled system (2.1) and (2.2). Throughout the paper, all fields are assumed
to beinvariant in the x; direction. Here, as in the linear case, in TE polarization the electric field is transversal to
the (x1, x»)-plane, and in TM polarization the magnetic field is transversal to the (x;, x,)-plane. In the nonlinear
case, however, the polarization is determined by group symmetry properties of . In this work, motivated by
applications, we assume that the electromagnetic fields are TM polarized at frequency w; and TE polarized
at frequency w,. This polarization assumption is known to support a large class of nonlinear optical
materials, for example, crystals with cubic symmetry structures. See Appendix A for additional discussion.

Therefore

H(X,(l)l) :H(XI,XQ,CO]))_C'3, (26)
E(x, (1)2) = E(xl,xz,wz))'c'3. (27)
Define for convenience
€ = €(x1,%, ;) = nf(xl,xz), j=1,2, (2.8)
ka%\/e—jz%nj, Im(k) >0, =12 (2.9)
The system (2.1) and (2.2) at frequency w; can be simplified to
1
V. (I?VH) +H=0. (2.10)
i
Because of Eq. (2.2),
c c
E(x, ) = o Vx H(x,m) = m(GXZH, —0,,H,0). (2.11)

Hence the second harmonic field satisfies

4’
[A+BIE= —=32 > )00, 00) (Elx, o)), (E(x, 1)), (2.12)
J.=1273
= Y 0 HOH, (2.13)

=12

where 4 is the usual Laplace operator and p;; = (=" (16m/ ef)xfj).,l(x, ).
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Let us further specify the problem geometry. Assume that the medium and material are periodic in the x;
variable of period 2m and are invariant in the x; variable. We may then restrict to a single period in x;, as
shown in Fig. 1.

Introduce the notation:

Fj = {x2 = (—l)’lilb,O <x < 271.'}, Sj = {0 <x < 2TE,)C2 = </>j(x1)},
Q ={0<x <2m,¢,(x1) <x < b}, Q={0<x <2n,—b <x; < P5(x1)},
QT:{O<X1<2T€,X2>I)}, Q;:{0<X1<2TC,)C2<—Z7},

Q) = {0 <x < 2TE,(/)2(X1) <X < ¢1(x1)}, Q= {0 <x < 2TL', —b<x< b}

Suppose that the whole space is filled with material in such a way that the “indexes of refraction” n; and
ny satisfy

nj in QT @] Q],
ni(x) = ¢ njp in €, B
nj in Q; @] Qz
for j = 1,2, where n;; and n;, are constants, n; are real and positive, and Re n;; > 0, Im n, > 0. The case
Im np > 0 accounts for materials which absorb energy. We assume that nj(x) are piecewise constant

functions in €, satisfying Re njy > 0, Im n;o > 0.
We wish to solve the system (2.10) and (2.12) when an incoming plane wave

u = u; e e (2.14)

is incident on S from Q[ where u; is a real positive constant, o; = ki;sin 0, f; = kyj cos 0, ki = (w1 /c)nii,
and —7n/2 < 0 < n/2 is the angle of incidence.
We are interested in “quasiperiodic’ solutions (H, E), that is, solutions (H, E) such that

i iaox . (2]
u=He™ and v=FEe ™" (:xz = ko sin 0, ky = —n21)
c

are 2mn-periodic in the x; direction.
It follows from the system (2.10) and (2.12) that

1
7, - (k_%ymu) fu=o0, (2.15)

(4o +R3)v =" P} ud}u, (2.16)

JiI=12

—
0 Q0 N1 Mo 21| x4
N
Qs n12 g2
—b I~

Fig. 1. Problem geometry.



110 G. Bao et al. | Journal of Computational Physics 184 (2003) 106-121

where

Ay, = A+ 20030, — |oof’, V., =V +i(a,0)
and

P_?l = Pji el o' =0, +ioy, 0 =0,.

Define, for j = 1,2, the coefficients

B (o) = 1”1/2’k2 (n4 o) nez,

2 1/2
Lj

1/2
2’ necz,

BY (o) = €13, = (n+ )
where

Vi = arg(kfj —(n+ ocl)z), 0<y,; < 2m,
Vaj = arg(k;j —(n+m)’), 0< 72 < 2m.

Throughout, assume that k7, # (n + 2y)> and k3, # (n+ %) for all n € Z, j=1,2. This assumption
excludes the “Rayleigh anomalous” cases where waves propagate along the x;-axis.

For function f € H'/?(I';) (the Sobolev space of complex valued functions on the circle), define the
operator T by

(T3)00) = Y =B ()™ e (2.17)
neZ
for s,j = 1,2, where £ = (1/2n) f 0 e " and the equality is taken in the sense of distributions.

From (2 17) and the deﬁmtlon of B ( ) it is clear that T7; is a standard pseudodifferential operator (in
fact, a convolution operator) of order one.
The scattering problem can be formulated as follows [3]:

1 .
Vi - (k—%V1,u> +u=0 in Q, (2.18)
(A +B3)o =Y p30udf'u in @, (2.19)
=2
o 0 : —if1b
Vi +5 u= =2y e’ only, (2.20)
. O
le+a u=0 on I, (2.21)
. O
T21+§ v=0 on I, (2.22)
. O
Ty + 3 )= 0 on T, (2.23)
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Integration by parts results in the variational relation:

1 _— 1 1
B = [ 5V Voo [wos i [mwo+ g [ (rwe
Q M 11 JI 12 JI

21u,ﬁ e kb _
- /F ¢ Yo €H,(Q), (2.24)
11 1

Brs(v,0) = / Voo Vo — / Ko + / (Ta0)g + / (T40)p

== p / PR up Vo € H)(Q). (2.25)
Jil=12 Qo
Here H(€2) contains the functions of /°(<2) that are 2n-periodic in the x; direction.

Note that usually the medium above the grating is air with optical index n,; = 1, which is independent of
the wavelength. Thus o, = 20, and p% = p;; for all incidence angles, which simplify some of the formulas
given below.

In the following, assume that the functions n;(x) are constant on subdomains Q; with piecewise smooth
boundaries 0€2;. The angles at the corners of Q; are strictly between 0 and 2. Also denote by

A=Jo\ (Ihur,)

the set of interfaces between different materials. Assume further that the problems (2.24) and (2.25) with
vanishing right-hand sides have only the trivial solution. Then it is well known [10] that the solution u of
(2.24) belongs to the Sobolev space H[}”(Q) for some 0 € (0,1/2).

Furthermore, we have

> 4o udfue H(Q) (2.26)

=12

by a direct application of the following regularity result of Beals [7].

Proposition 2.1. If f € H*' (R"), g € H”(IR”) si<n/2, 51 + s, =0, then the product fg € H7">=(R") for
arbilrary 0> 09 and ||fg||s1+52 —n/2-0 \ ( )”f”sl ||g||s2

In view of (2.26), we obtain the following result.

Theorem 2.1. Under the assumptions made above, the problems (2.24) and (2.25) has a unique solution
vE H\(Q).
P

Similar to the linear diffraction problem, the energy propagation of the diffracted fields is measured by
the diffraction efficiencies. The efficiencies of the second harmonic fields are given by the formula:

—2ipY!
n . e 21 i
er =BV /BES] with Ef = 3 / ve ™ dy, for B real,
Y I

i

e .

= / ve ™ dy, for f% real.
I

_ (n) 2 . _
= E with E
e, ﬁZZ /ﬁ2| n ‘ n 21
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3. Optimal design

Our goal is to determine (or design) grating geometries that ensure maximal efficiencies of the second
harmonic fields. The optimal design problem may be stated as follows: Find a grating profile A° such that

mjlxe:(/l) = e (A"). (3.1)

In order to apply certain gradient based optimization methods, it is essential to study the differentiability of
the efficiencies with respect to perturbations of the interface A.
Consider a family of perturbed interfaces A, given by

Ay = By(A),  B(x) = x + hy(x), (3.2)

where y = (¥, x,) is C! continuous, 27-periodic in x; and has compact support in [0,27r] x (—b,b). Clearly,
for sufficiently small |4| the mapping @, is a C' diffeomorphism of Q onto itself. Consequently, ®,(£2)
corresponds to a perturbed grating geometry which yields new piecewise constant functions ej.’ as well as the
perturbed bilinear forms B, and B’.. Moreover, the nonlinear material is contained in the subdomain
Q= 0,(Qp).

It follows that

(n)
Def = lim - (e} (43) ~ ¢ (4)) = 22 Re(E[DE)).
- 2

Therefore, to compute De,” with respect to the perturbation (3.2), it suffices to calculate the derivatives DE '
defined by

e—ziﬁ(z”l)b .
+ (. — 1 _ —1nx|
DE; (x) = lim —— /r (o v)e " dy,

where v solves (2.24), (2.25) and v, is the solution of the perturbed problem
21u1ﬁ e ihib _
Byl g) = -2 [ g,

kl] I

Bie(vn @) == py /Q ey 5t Vo € H)(Q).

J=12 8

(3.3)

To compute (3.3), it is useful to employ the concept of the material derivative [18]. Using the mapping
@, we introduce the isomorphism

V) H)(Q) — H)(Q)

which maps u to uo @, .
Since y is compactly supported in €2, it is easily seen that

W luly, =ul, j=1,2 Yuec H)(Q).

~2ifi)b A
DE, (z) = lim o /F (P, oy — v) e ™ dx;. (3.4)
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Therefore, the derivative DE(y) is a functional of the material derivative of v with respect to the diffeo-
morphisms ¥, which is defined as

}’iil(}h’l('f’,jlvh —0).

The material derivative may be evaluated by introducing a change of the variables y = @,(x) in the
bilinear forms B, and Bl Note that k! = ¥,k; and

dy = J(x)dx
with
J(x) =1+ h(0q 11 + 0u12) + F (04 210012 — On 104 12)

and

ayl = J(x)il ((1 + haXzXZ)axl - hax]XZGXZ)a

3y, = J(x) " (—=h0y 110y, + (1 + hdy, 71)0s,)-

Applying the change of variables to the domain integrals of B%,,, we obtain

— 1 -
- Yu¥o+——=5V,Yiu -V, ‘P;xp) dy
/9 < (kE(v))?
_ / L{@J(x) dx + / ((1 —+ h@z}gz)@l —+ IOC1J()C) — h@l;{zﬁz)u((l —+ h@zb)@] — iO(]J(X) — halxzan)@
Q

p J (x)ki (x)
+/ (= 0y, 01 + (1 + hOyy1)02)u( — hday, 0y + (1 + 10y 71)0) @
0 J(x)ki (x)
:/(— 1) kz()Vxlqul(p)dx—FhBTM](u (P)+hBTM2h(u ([))
Q

where

Oy 0 o
Brmi(u, ¢) :_/Q(aIXI +62%2)L@+/Q k2 L (0,udrp — 01ud 1 p + 01 uP) +/Q ,2;2(2 (al ud' ¢ — 62u62q0)

—/ (6]1;2 (a“l U0 + Oy ) 02 ;fl (alummzum)) (3.5)
and the remainder term satisfies
Brviaa(u, @)l <cllulllllly, w0 € Hy(Q), |7 < ho.
Here we have used the notations 0, = 0,,, o' =0,, +1ioy and the expression
Jx) ' =1-h(@z +0x,) +O(H), | < ho,

which holds uniformly in x € Q.
Since the boundary terms in the TM bilinear form remain unchanged, we have thus obtained for || < Ao

B (Waut, W40) = Brm(u, @) + hBrwy (u, @) + B> Brsoa(u, ¢). (3.6)
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Theorem 3.1 [12]. If the TM diffraction problem (2.24) has a unique solution and the perturbation of the
grating geometry is given by the regular mapping (3.2), then for all sufficiently small h the perturbed problem
(3.3) is also uniquely solvable. Moreover, the solution of the perturbed problem takes the form

¥ wy = u+ huy + Ruyy, (3.7)
where u is the solution of the original problem (2.24), u, € HPI(Q) solves the equation
B (u1,9) = —Bnui(u,9) Vo€ H; (Q), (3.8)
and the remainder satisfies |ua ||, < ¢ for |h| < hy.
Theorem 3.1 indicates that the material derivative of u
U = %illgh_l (?’;luh - u)

exists in the sense of H]}(Q) and satisfies the variational equation (3.8).

Next, we establish formulas to compute the derivative of the reflection coefficients with respect to the
perturbation.
By applying the change of variables y = ®,(x) to the domain integrals of the form B4, we obtain

/ ( - (kg(y))ijhvm + [7052 Y- Vﬁfz tph(p) dy = / ( - kglia + szUsz(P) dx + hBTE-,l (Uv (P)
Q

Q
+ h*Bre.a,(v, @)

with
Brei(0,0) =~ [ B(@uz +0x2)00+ [ 01 (Eardap — 008+ o) + [ 2z (0087~ 2ard)
Q Q Q
_ / (al 7 (6720@ + 0,007 (p) + 0y, (0100200 + ava)) . (3.9)
Q

The remainder term satisfies
[Breas(v, @)l <cllolllloll,  v,0 € Hy(Q), |7l <ho.
Since again the boundary terms in B%; remain unchanged, we have for || <Ay
Bii (W0, ¥4p) = Bre(v, ) + hBr 1 (v, 9) + h*Breos(v, @). (3.10)
Introduce the adjoint TE problem

g™
6721/?21 b

21

Bre(p,w) = / pe ™ dy, V(pGH;(Q), (3.11)
I,

which has a unique solution w € H, (<) [10].
From (3.4), it is obvious that

DE, () = lim h™' Bre (¥} ' vy — v,w). (3.12)
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Thus it suffices to consider the form BTE('I’,Tlv,,,w). From (3.10), it follows that
B’";"E(Uh’ lPhW) = BTE( lP,:ll)h, W) + hBTE,l (W;lvh, W) + thTgtzAh(T;ll}h, W) (313)
On the other hand,

B}{-E(Uh, 'PhW) = — Z pjl/ ei(leixZ)yl aj‘uha?‘uh lPthy (314)
Q

=y 4

In the following, the right-hand side of (3.14) is expanded with respect to the powers of 4. The terms are

considered separately. In fact, the change of variables leads to the following formulas:

1. For j=1=1

/

In(u,0) = / TN (@) + By, + (20 — “2)%1)(6T1”)2¢

Q

ei(Zdlﬂz)yl((ayl + iocl)‘l’,,u)Z ¥,pdy = / ei@u—mn)x (aTlu)Za + hj“(u, QD) + hz.,f“(u, (P)

i
0 Qo

with

— 2/ ei(z“‘_“)"‘aflu(&;(l@lu + al}(zazu)a.
Q

2.Forj=1,1=2

/,

S, 0) = _/

Q

(B, + oy ) Wyu)0,, ViuPrpdy = / NN U0y + h f o (u, @) + B L1 (u, @)

i
0 Qo

with

ei(Zoq—ocz)x] (62}(1 (6114)2 + 61){2(62“)2)5 + iO(] / ei(21|—o<3)x| u(@lxlazu — 62)(16114)6

Q
+ 120 — OC2)/ @)y % 10, up.
o
3.Forj=1=2 0
S @) Ty = [ @ bl ) + )
with

o) = |

2

el (@17, — oty +i(201 = 2)) (@0)” — 207,010 ).

Thus the right-hand side of (3.14) transforms to

Z P /h ei(2a170€z)yla;;uha;/1uhlphwdy: Z pjl/ ei(Zoqffxz)xla;‘l q/;luha;ﬂ 'I’;lthdx
. Q Q

0 JI=12

+h Z pjlfjl(qj;luhyw) +n’ Z pj/ogj/(q/;luhaw)a

Ji=12 Jil=1,2
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where #,, = #,,. Note that due to (2.26) obviously
_ 12 2
| L3 (F s w) | el 25 sl Wl < ealully
Using Theorem 3.1, we arrive at

Z P /Qh e““l*””‘@j}?uhajfl‘uh‘l’;,wdy= Z pﬂ/g e““““”’“@j‘u@?‘uwdx—y2h Z P
o

; JI=12 Ji=12
X / ei(zmlfawx1 a;lua;' uw-+h Z Pfjf_,-l(”» W) + O(hz)a
Q Jil=12
which implies

B0 ¥o) = Bre(o,) 4 3 (Fyfu) 42 [

elZu -0 07'ud;’ u1w> +O(1?).
=12 Q
Thus from (3.13), we get
BTE(lP;lvh; w) + hBTEAl(lP;Tlvha w) + thTE,z,h(‘P;lvh, w)
= Bre(v,w) + h Z Py (fij(u, w) + 2/ ei(Zaq—acz)xlajfl u@71u1W) + O(/’lz),
Jl=12 Q
which together with (3.12) proves the following theorem.

Theorem 3.2. The derivative of the reflection coefficients E with respect to the variations (3.2) of the interface
A is given by the formula

DE; (1) = —Brea(v,w) + Y _ py <jﬂ(ujw) +2/

Jil=12 2

ei(2“1*“2)xl a;'ua7‘u1WdX>, (3.15)

where the bilinear form Brg; is defined by (3.9), u and v denote the solutions of the diffraction problems (2.24),
(2.25), respectively, uy solves (3.8) and w is the solution of the adjoint TE problem (3.11).

Following [12], the form Brg (v, w) given by (3.9) can be transformed to

Bres(v.) = ~[62, [

A

(ot [ (Ao B0) (8 + 1:30) + [ (1010+ 71:020) (A + o)
Q Q
— <L, [ Gemew 3 gy [ D B+ 1,80)
4 Jl=12 Q
where we have used Eq. (2.19) and
Aw+ k2w =0 inQ

for the solution w € H?(Q) of the adjoint problem (3.11). Here n denotes the normal to the interface 4, and
[k3] , stands for the jump of the function k3 when crossing A in the direction on n.
Thus (3.15) takes the form

DE(y) = [I3], / (LW +2 > py / e g
A Q

JI=12

Y (/ﬂw,w) -/ e“”l“2>xla;-"uai"u<xlal—w+m—w>).
Q

JI=T2
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T2

Air
t3

]

T
0 tl tg =27

Silver

Fig. 2. Crosssection of a simple binary gratings.

Remark 3.1. To apply the above results to binary gratings by choosing different y, we can compute the
derivative D,E* of the Rayleigh coefficients with respect to the transition points. For simplicity, consider a
binary grating with two transition points #;, t, = 2n and the height #, as shown in Fig. 2. Denote
0, = ([1,0), 0, = (ll,t3), 0O; = (0,13), and 2| = 0,0,, 2, = 050,, the fill factor FF = 11/2TC. To compute
the derivative D, E of the Rayleigh coefficients with respect to the variation of 7, the mapping (3.2) takes
the form

®y(x) = x + hylx),  1(x) = (1 (x),0),

where y, = 1 in a neighborhood of X; and y € C°(U) for a bigger neighborhood U (not containing other
corners of the profile curve A).

4. Numerical examples

The described approach was numerically tested for different examples described in the literature. The
numerical solution is based on GFEM discretizations of the sesquilinear forms Bty and Brg, described in
[10]. This discretization avoids pollution effects, which are usually connected with domain—based methods
for solving Helmholtz equations, but is restricted to piecewise rectangular subpartitioning of the integration
domain. Therefore the numerical test were performed for binary gratings.

To obtain start values for the optimization we have first determined grating structures which provide
minimal reflection in the TM case, i.e. which minimize the cost functional

(n) 2 N e’ziﬂ;?b i
> BY/BIH P with H = / ye ™ d,,
21 I

B (2)>0

u being the solution of (2.24). This is done with the program DIPOG for the optimal design of linear
diffractive gratings which uses conjugate gradient and inner point methods to minimize different cost
functionals [11]. Since these functionals possess as a rule several local minima we use different start
values to find a structure with minimal TM reflection. For this problem the gradients can be computed
by certain line integrals which involve the solution of two variational problems, of the direct problem
(2.24) and of a corresponding adjoint TM problem (see [12]). The program DIPOG offers
efficient iterative solvers and well tested optimization parameters, such that for the physical parameters
of our examples the determination of structures with minimal TM reflection can be performed within
minutes.
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After that this structure is used as start value for a simple gradient based line search algorithm to
maximize the functional (3.1). For the same step size of the FE-discretization we determined numerically
the derivatives with respect to grating depth and transition points as described in Remark 3.1. Note that the
computation of the derivatives is inexpensive even though one has to solve four linear systems. In fact, the
saving is largely due to the fact that the chosen starting value is close to a local maximum of (3.1). As the
result, only few steps of line search and even less computation of derivatives are required to find an optimal
solution for maximal efficiencies of the second harmonic field.

First we present numerical results on an example introduced in [16]. It is concerned with the grating
enhancement of the second harmonic nonlinear optical effects for a silver layer. The enhancement is the
ratio of the grating efficiency over the efficiency for the flat surface. Obviously, the TE efficiency (the
nonlinear effect) for the flat layer is small which is confirmed by the calculated efficiency 1.2003160E-04.

The TE efficiency for the binary grating with period d = 0.556 um, incidence angle 64.5°, and wave-
length 1.06 um is then computed. With fill-factor 0.5, similar enhancement results are obtained as those
reported in [16] concerning the efficiency dependence on the groove depth. In particular, the maximal
enhancement is about 45 which occurs when the groove depth is chosen close to 0.3 pm. Our calculation
indicates in addition that by using the above algorithm, with the same data, a better enhancement for fill-
factor 0.834 may be achieved. In fact, at groove depth 0.392 um, the enhancement is more than 80. As it is
shown in Fig. 3, around the optimal depth, the enhancement depends on the groove depth sharply. Fig. 3
presents the enhancement of the efficiency of the second harmonic field at various groove depths.

The calculations were performed in the rectangle (0.556, 0.6 um) with a 138 x 150 grid. As start value for
finding the optimal structure described above, we used a grating with the physical parameters fill factor
0.854 and groove depth of 0.392 um, which reflects only 28.4% of the incident TM field.

The second example is concerned with the grating enhancement of the second harmonic nonlinear op-
tical effects for ZnS overcoated binary silver gratings. The enhancement at 2w is computed with respect to
the associated flat structure. The period of the grating is d = 0.4 pm, the incidence angle being 28.92° with
wavelength 4 = 1.06 um. The optimization parameters are the thickness of the ZnS coating, the fillfactor
and the depth of the binary grating. Optimal results were obtained for a thickness of 0.33 pm of the coating
layer, the fill factor 0.43 and the depth of 0.099 pum for the binary grating. For this grating we obtain the
enhancement factor 686.6. Fig. 4 illustrates the enhancement dependence on the grating depth.
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Fig. 3. Groove depth (um) and enhancement.
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These calculations were performed in the rectangle (0.4, 0.5 pm) with a 200 x 250 grid. The start value
for the optimization procedure was a grating with the thickness of 0.33 pm of the coating layer the fill
factor 0.43 and groove depth of 0.092 um, which reflects only 1.57 % of the incident TM field. In this case
we had to determine only two search directions.

It should be pointed out that other thicknesses of the ZnS coating provide even higher enhancements for
the second harmonic nonlinear optical effects compared to flat structures, Fig. 5 presents the corresponding
enhancement factors for the thickness of 0.672 pum and a binary grating with fill factor 0.505. The maxi-
mum enhancement factor 41687.9 is obtained for the depth 0.03 um. However the maximum value only
amounts to 17% of the maximum for the thickness 0.33 pm.
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Appendix A

Recall that, for nonlinear material, the second order nonlinear susceptibility takes the form
PP 20) = /7 20) : E(0)E(w),
ie., for j=1,2,3,

BP(20) =& Y 77,20)Ex(0)E(w).
k,l

According to the convention ,{52 = Zd;k?]) and by the permutation symmetry: dj(,fl) 2w) = d},z,c)(Zw), define

2
dw=dy, m=1,..6,

where
[k if k=1,
T19-(k+1) ifk#L
Thus
E2
7
. diy - die Eé
PYPQ2w) =€ | dyy --- ds z ().
dy - ds 2E,E:
2E.E.
2E,E,

It is evident that the number of nonvanishing, independent elements of ¥* depends upon the group
symmetry of the nonlinear medium. In particular, for crystals with cubic symmetry structures, such as Z,S,
the matrix d,, is of the following form:

00 0 ds 0 O
000 0 dy O
000 0 0 dua

For this class of nonlinear optical material, we have the following remarks.
Remark A.1. In order to generate a nonlinear polarization at 2w, the pump field may not be TE polarized.
In fact, it is easily seen that if the field is TE polarized, E(w) = (0,0, E.), then P (2w) = 0.

Remark A.2. If the pump field is TM, H = (0,0, H.), E(w) = (E, Ey,0), then PA(2w) = (0,0, 2d\4€0ELE)),
which induces nonlinear effects in TE polarization.
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